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Abstract

This paper presents a novel seventh-degree polynomial joint
space trajectory planning algorithm. This algorithm features
continuous jerk, enabling efficient online computation and handling
of singular configurations in robotic systems. Furthermore, a
fourth-order feedforward controller is implemented to investigate
vibration control in flexible joint robots. Comparative experiments
demonstrate the proposed trajectory planning algorithm’s ability to
generate smoother trajectories. The fourth-order feedforward control
effectively leverages information from the reference trajectory. The
combined approach of the proposed trajectory planning algorithm
and fourth-order feedforward control significantly enhances the

control performance of flexible joint robots.
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1. Introduction

Robotics has witnessed widespread adoption across various
industries due to their efficiency and safety benefits [1], [2].
In most robotic operations, the end effector must
move precisely along a specified trajectory. Therefore,
trajectory planning is an important element in robotics
research [3], [4]. In the process of trajectory planning,
the first step is to plan a series of waypoints within
the Cartesian space. These Cartesian waypoints are then
transformed into joint space waypoints through inverse
kinematics. Finally, joint space trajectory planning is
performed on the joint space waypoints, so that the
Cartesian motion is ultimately converted into the motion
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of individual joints. However, when the robot is in a
singular configuration, the inverse Jacobian matrix does
not exist, making it impossible to calculate the velocity
and acceleration in the joint space. Therefore, a joint space
trajectory planning method that can handle the robot’s
singular configurations is required. This method should
ensure continuous position, velocity, and acceleration at all
waypoints to guarantee smooth and stable motion of the
robot’s end effector. Furthermore, online computational
efficiency is essential for non-technical applications [5].

Beyond accurate trajectory tracking, robotic speed is
critical for maximising productivity in many applications.
There has been a significant amount of research on time-
optimal trajectory planning for robots [6]-[9]. However,
traditional approaches often involve abrupt acceleration
changes, which can excite structural resonance and
lead to severe robot vibrations [10], [11]. This issue is
further compounded by the growing trend of lightweight
robotics, utilising flexible materials and structures [12].
To mitigate these challenges, smooth, jerk-bounded
trajectories are highly desirable. Such trajectories min-
imise vibration excitation, ultimately enhancing tracking
performance and positional accuracy throughout the
motion [13]. Polynomial-based approaches have emerged as
the dominant method for generating smooth, jerk-limited
trajectories, offering a balance of smoothness, dynamic
performance, and computational efficiency [14]. In [15], a
new method to enhance the payload capacity of robotic
manipulators by optimising cubic spline and Bernstein
polynomial trajectories is proposed. In [16], a time-optimal
trajectory planning method based on quintic Pythagorean-
hodograph (PH) curves is proposed to realise the smooth
and stable high-speed operation of the Delta parallel robot.
Nevertheless, these methods do not ensure the continuity
of the jerk along the entire trajectory. As demonstrated
in [17], the undesirable jerk impulse occurring at the start
and end points can have an adverse impact on positioning
accuracy. To further mitigate the adverse effects of jerk
and achieve even higher levels of continuity and regularity
in the motion profiles, some research has explored the
use of higher-order polynomial functions for trajectory
generation.



Feedforward control strategies utilise detailed tra-
jectory information, such as polynomial coefficients or
spline parameters, to calculate precise control signals. This
approach is frequently paired with trajectory planning to
enhance the performance of motion control systems. In [18],
an algorithm for calculating higher-order trajectories with
bounds on all considered derivatives for point-to-point
moves of electromechanical motion systems is proposed
by wusing fourth-order feedforward with fourth-order
trajectories. In [19], a feedforward control technique that
employs cycloid functions, taking polynomial functions as
inputs, to generate trajectories for point-to-point motion
with suppressed residual vibrations is proposed.

Motivated by the above work, the principal objective
of this research is to propose a seventh-degree polynomial
joint space trajectory planning algorithm with continuous
jerk, designed for efficient online computation and capable
of handling singular configurations in robotic systems.
Additionally, in conjunction with this algorithm, a fourth-
order feedforward controller is employed to investigate
vibration control in flexible joint robots, thereby enhancing
the overall performance and precision of motion control in
such systems. The main contributions of this paper are as
follows.

(1) A novel online trajectory planning algorithm is
proposed by using seventh-degree polynomials to
satisfy the continuity of joint’s jerk as well as the
controllability of the jerk at the end path point to
avoid system vibration and ensure the stability of
robot motion. Besides, the algorithm can be used when
the robot is in singular configurations.

(2) In conjunction with this algorithm, a fourth-order
feedforward controller is employed to investigate
vibration control in flexible joint robots. Feedforward
control can better exploit the smooth information
of the trajectory, thereby achieving superior control
performance.

The paper is organised as follows. In Section 2, the jerk-
continuous online trajectory planning algorithm in joint
space is presented in detail. The fourth-order feedforward
control for flexible systems is introduced in Section 3. In
Section 4, the effectiveness of combining the fourth-order
feedforward control with the trajectory planning algorithm
proposed in this paper is verified through comparative
simulation and experimental results. The summary of the
results obtained is given in Section 5.

2. Jerk-Continuous Online Trajectory Planning

To illustrate our proposed trajectory planning algorithm,
we analyse an example taken from [5]. As shown in Fig. 1,
there are three segments which are determined by the four
waypoints in joint space. The waypoints in joint space
are obtained via inverse kinematics from the waypoints in
Cartesian space. Let ¢, ¢, ¢, and ¢ represent the position,
velocity, acceleration, and jerk in joint space, respectively.
T; represents the interval between the ith waypoint and
the (i + 1)th waypoint. T; is equal to zero when the ith
waypoint is the terminal one. INVALID represents the
joint velocity or acceleration at singular configurations.
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Figure 1. The waypoints in joint space.

First, we define a normalised time variable u. u starts
at 1 at the beginning of each trajectory segment and
decreases to 0 at the endpoint.

t—ti1 1 t—ti1
b —ti 1 T;

u=1 (1)

The proposed planning algorithm proceeds by group-
ing two or three joint space waypoints together for
trajectory planning. In this algorithm, the position and
velocity at the start and end points of the trajectory
segments are given. Depending on whether the velocities
at the second and third points are known or unknown, the
algorithm addresses three distinct cases.

Case I: If the second point is not in a singular
configuration, with a2, Qs, s, and ¢o are all known, the
trajectory between the first and second points is described
using a seventh-degree polynomial:

p(u) = cru” 4 cgub + csu® + cqut + c3u®
+eou? + cru+ ¢ (2)

The known boundary conditions are listed as:
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Solving (3) yields:

cr = —20q; + 20qs — 107141 — 10Ty o — 241 T2
+2¢ 5T —0.1667G 1T — 0.1667 ¢, T}
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Case II: If the second point is at a singular
configuration while the third point is not, then the
trajectory between the first and second points can be
described by a sixth-degree polynomial, whereas the
trajectory between the second and third points can be
described by a quintic polynomial.

p1(u) = co1u® + cs1u® + cqut + czpu®

+epu? + criu+ cor (5)
pa(u) = csou’ + capu® + czou’

+coou® + c1ou + o2 (6)

The known boundary conditions are listed as:

ri(l)=aq
p1(0) = g2
p2(1) = g2
p2(0) = g3 (7)
() =aq
pi(l) =dq
Pi(l) = 4q,

The two segments of trajectories meet at the second
point with continuous velocity, acceleration, and jerk.
Solving (7) yields:
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Case III: If both the second and third points are at
singular configurations, then the trajectory between the
first and second points can be described by a quintic
polynomial, while the trajectory between the second and
third points can be represented by a cubic polynomial.

pi(u) = cs1u’ + cqut + ez u® + cou®
+enu + cor 9)
p2(u) = c3au® + c22u® + c12u + co2 (10)

The known boundary conditions are listed as:

n(l)=a
p1(0) = g2
p2(1) = @2
p2(0) = g3 (11)
pi(l) =aq
p1(1) =q
P1(1) =44

The two segments of trajectories meet at the second
point with continuous velocity, acceleration, and jerk.
Solving (11) yields:
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Up to this point, the velocities, accelerations, and jerks
for all joint path points have been determined, ensuring
that the generated joint space trajectory has continuous
position, velocity, acceleration, and jerk profiles.
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Figure 2. The trajectory planning results for data from
Fig. 1.

Figure 2 illustrates the planned trajectory resulting
from the trajectory planning algorithm proposed in this
paper. All the waypoints’ data information is derived
from Fig. 1. From Fig. 2, we can see that the position
curve, the velocity curve, and the acceleration curve
are all smooth and continuous. The trajectory planning
algorithm proposed can ensure the continuity of jerk and
the acceleration at the start and end points are controller
to zero in order to avoid the system vibration and ensure
the smooth movement of the robot.

3. Fourth-Order Feedforward Control

In the control of rigid models, feedforward control is
commonly employed, such as velocity feedforward and
acceleration feedforward. This section, inspired by the
control approach for flexible motor axles presented in [20],
analyses the fourth-order feedforward control for a two-
mass spring system with flexibility.

As shown in Fig. 3, it depicts a two-mass spring model.
Jidenotes the inertia of the actuator, J; the inertia of the
load, 7, the torque supplied by the actuating device, 6
the actuator position, 6 the load position, k the stiffness

0.b 0,.b,

Trajectory Flexible
Generation system

Figure 4. Fourth-order feedforward implementation.

between the masses, and b; and bs, respectively, represent
the damping coefficients during the rotation of the two
masses. The equations of motion for this flexible system
are:

J1é1 + blél + k(91 — 6‘2) = Tm
Joba + byly — k(01 — 62) = 0 (13)

Performing the Laplace transform on (13) yields the
following transfer function:

Tm = a484 + a383 ]:_ a252 + 0'1892 (14)

with:

ag = J1Js

az = J1by + Jabo

ag = (J1 + J2)k + b1ba

ayr = (b1 + b2k (15)

This implies that if the fourth derivative of the
trajectory 0, exists, that is, the velocity, acceleration,
jerk, and the derivative of jerk exist, the fourth-order
feedforward control law can be calculated as:

T = (@ Ba+aslotasho+aibs)  (16)

This feedforward control scheme can be conveniently
implemented, as shown in Fig. 4, where “Flexible system”
represents the flexible joint robot.

4. Simulation and Experimental Results

To validate the effectiveness of combining the fourth-
order feedforward control with the trajectory planning



algorithm proposed in this paper, numerical simulation
and real experiment are performed in this section. First,
the numerical simulation results are given, and then the
experimental device with flexible joint has been designed
and the real experimental results are presented.

4.1 Simulation Results

Consider the single-link flexible-joint manipulator
described in [21]. Assuming that the link is rigid and
ignoring the viscous damping, its dynamic equations are
expressed as follows:

Dgy, + mglsin(q) + k(g — ) =0
.

JGr — k(g —qr) = (17)

where ¢; € R denotes the link position, ¢, € R denotes the
motor position, D is the link inertia, J is the motor inertia,
m is the link mass, k is the stiffness, [ is the centre of mass,
g is the gravity constant, and 7 is the control torque. The
parameters are consistent with those in [21].

Consider the joint space trajectory of the flexible joint
manipulator comprises nine path points, the ith path point
is denoted as P; : [qi, Gi, Gi, 44, T3]

P, : [0.0000,0.0000, 0.0000, 0.0000, 0.5]
P, : [0.0041,0.0327, 0.1963,0.7850, 0.5]
P : [0.0573,0.1963,0.3927, 0.0000, 0.5]
Py : [0.2004,0.3600,0.1963, —0.7854, 0.5]

[
[
[
[
Ps : [0.3927,0.3927, 0.0000, 0.0000, 0.5]
[
[
[
[

Ps : [0.5850,0.3600, —0.1963, —0.7854, 0.5]
P; :[0.7281,0.1963, —0.3927, 0.0000, 0.5]
Py :[0.7813,0.0327, —0.1963, 0.7854, 0.5]
Py : [0.7854,0.0000, 0.0000, 0.0000, 0.5]

For comparative simulation, the commonly used
position—velocity—time  (PVT) trajectory  planning
algorithm in motion controller is adopted as a
comparison [22].

Figure 5 illustrates the joint space trajectories
planned by both the PVT trajectory planning algorithm
and the jerk-continuous trajectory planning algorithm
proposed in this paper, based on nine joint path points,
P—Py. As can be seen from Fig.5, both trajectory
planning algorithms, when based on the same set of
path points, yield trajectories with position and velocity
profiles that are essentially identical. The PVT trajectory
planning algorithm utilises only the position and velocity
information of the joint path points to complete the
planning process. This algorithm ensures continuity in
position and velocity, but results in discontinuities in
jerk, with the derivative of jerk being non-existent. The
jerk-continuous trajectory planning algorithm proposed
in this paper employs position, velocity, acceleration,
and jerk information for trajectory planning. This
algorithm ensures the continuity of jerk, with the
derivative of jerk being well defined, resulting in smoother
trajectories compared to those generated by the PVT
algorithm.
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Figure 5. Comparison between the two trajectory planning
algorithms.

To validate the effectiveness of the proposed jerk-
continuous trajectory planning algorithm combined with
fourth-order feedforward control in vibration control
of flexible joint robot, the following two comparative
experiments were conducted. The first experiment adopts
the proposed jerk-continuous trajectory planning algo-
rithm combined with fourth-order feedforward control, the
control scheme depicted in Fig. 4, and the feedback control
is implemented using a PID controller. In the second
experiment, a PID controller with identical parameters is
utilised, however, the trajectory planning is carried out
using the PVT algorithm, and no feedforward control
is employed. The comparative experimental results are
illustrated in Figs. 6 and 7.

As can be seen from the figures, the fourth-order
feedforward controller effectively leverages the information
embedded in the smoother reference trajectory provided
by the proposed jerk-continuous planning method. The
combination of this jerk-continuous trajectory planning
approach with the fourth-order feedforward control
significantly enhances the control performance of the
flexible-joint robot, leading to a substantial suppression of
residual vibrations after the flexible joint reaches a steady
state.



0.8 r |

=3

=Y
:
s

- - PVT
= Jerk-continuous+4th-order feedforward

Position(rad)
o
SN

o
)
:

.

L 1 1

0 5 10 15 20
time(s)

Figure 6. Position control of two comparative experiments.

0.01 T T T

0.005

Error(rad)

-0.005

-0.01

-0.015 * 3 3
0

Figure 7. Position errors of two comparative experiments.

4.2 Experimental Results

To validate the effectiveness of the proposed jerk-
continuous trajectory planning algorithm combined with
fourth-order feedforward control in practical situations, an
experimental device with flexible joint has been designed
and real experimental results are presented.

4.2.1 Experimental Setup

To conduct experimental research, we designed a single-
joint robotic arm experiment platform with flexible joint
(harmonic gear) as shown in Fig. 8. The experimental
platform mainly consists of the robotic arm itself and a
controller. The robotic arm is composed of a link, a
harmonic reducer, a coupling, a servo motor, and a base.
The reducer used is a harmonic gear reducer with a
reduction ratio of 1:80 (model XB1-50-80). The servo motor
is a Yaskawa AC servo motor, model SGMPHO1A1A6C.
The controller is composed of a self-developed DSP motion
controller and a servo driver. An accelerometer (model
3DM-GX1) is installed at the end of the robotic arm
to detect vibration signals. The servo motor drives the
link through the harmonic reducer to achieve rotational

accelerometer

T T

servo driver

Figure 8. Experimental system.

movement in the horizontal plane. The installation
direction of the accelerometer is as shown in Fig. 8, with the
X-axis oriented tangentially to the rotational movement of
the link. Since the link rotates within the horizontal plane,
by measuring the acceleration in the X-axis direction, the
amplitude of the vibration can be determined.

4.2.2 Experimental Comparison

The servo cycle of the DSP motion controller is set to
0.5 ms. To verify the effectiveness of the method proposed
in this paper, the trapezoidal move profile is used for
comparison. The acceleration time is 0.01 s, the constant
speed time is 0.8 s, and the deceleration time is 0.01 s.
The acceleration during the acceleration phase is 20,000
rad/s?, and the acceleration during the deceleration phase
is -20,000 rad/s?. The operating time of the robotic arm is
0.82 s, and the motion of the link after 0.82 s is considered
residual vibration, with the starting moment of residual
vibration at 0.82 s. Experimental results indicate that the
cutoff time for noticeable residual vibration is 2 s. The
jerk-continuous trajectory is designed using the method
proposed in Section 2, with c¢; = 3240, ¢g = —11340,
cs = 13608, ¢4 = —5670, c3 = 0, co = 0, ¢; = 0, and
co = 162. Since it is difficult to establish an accurate model
of the real system and the model parameters are time-
varying, the parameters in the fourth-order feedforward
controller are determined using a trial-and-error method,
with a4 = 1074, ag = 0, a2 = 0.1, and a1 = 0. Due
to the residual vibration occurring after 0.82 s, only
the acceleration changes after 0.82 s are analysed, as
shown in Fig. 9. As shown in Fig. 9, when the reference
trajectory is the trapezoidal move profile, the robotic arm
exhibits significant residual vibration, demonstrating that
the harmonic reducer has a certain degree of flexibility,
which leads to residual vibrations in the robotic arm due
to joint flexibility. When the jerk-continuous trajectory
proposed in this paper is used in conjunction with the
fourth-order feedforward control, the amplitude of the
residual vibration is greatly reduced, indicating that
the proposed method can effectively suppress residual
vibrations caused by joint flexibility. Moreover, the method
presented in this paper does not require changes to the
existing control structure of the flexible joint robotic
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Figure 9. Experimental results.

arm, nor does it necessitate additional sensors, making it
easier to implement in practical engineering applications
and demonstrating clear advantages over other control
methods. Nevertheless, from the point of view of control
accuracy, if the sensors can be used to collect information,
such as the angle and angular velocity of the link, there
are already many excellent nonlinear control algorithms
and intelligent control algorithms that can achieve better
control results. Therefore, we will next continue to study
the improvement of the accuracy of vibration control for
flexible joint robots without changing the robot structure
or adding sensors as much as possible.

5. Conclusion

This paper proposes a novel trajectory planning algorithm
in robot joint space. Additionally, in conjunction with
this algorithm, a fourth-order feedforward controller is
employed to investigate vibration control in flexible joint
robots. The proposed trajectory planning algorithm poses
several good properties: first, it provides the continuity of
jerk on all segments of the planning trajectory, second, it
can handle singular configurations in robotic systems, and
third, it can be applied to online planning by looking ahead
one or two waypoints. The fourth-order feedforward control
more effectively utilises the information from the reference
trajectory. Combining the trajectory planning algorithm
proposed with fourth-order feedforward control proves to
be efficacious in enhancing the control performance of
flexible joint robots.
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